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ABSTRACT: We consider the demixing of diblock copolymers grafted densely to a surface in the melt state
using mean-field methods. The layer contains equal numbers of A-B and complementary B-A chains. The
incipient demixing leads to a density wave of composition, produced by splaying of the chains. In an equal
mixture of A-C and B-C copolymers where only the free ends are immiscible, phase separation takes place
in a thin zone near the free surface of the layer. Because the free end density is singular at the free surface,
the A-B interaction strength required for demixing scales linearly with the length of the terminal A and B
blocks, rather than quadratically, which would be the case for demixing of a blend of the same copolymers.

I. Introduction

Long polymer chains grafted on a surface are of general
interest, especially when the chains are composed of two
different kinds of monomers. A demixing interaction
makes the two kinds of monomers tend to separate from
each other spatially. A phase-segregated stateis expected
provided the demixing interaction reaches a sufficient
strength. Grafted polymers were first studied by de
Gennes and Alexander!? and later by Semenov,? Milner,
Witten, and Cates,* and Zhulina and Semenov.’ They
used the approximation which ignores the conformational
fluctuations about the most likely conformations of the
chains. Recently Marko and Witten® further studied the
system’s phase separation with two kinds of chains grafted
onasurface, including conformational fluctuations. Their
work generalizes the random-phase or mean-field ap-
proximation for the case of grafted chains. This ap-
proximation was first applied to polymer microphase
separation in the classic work of Leibler.” Marko and
Witten found that, as the demixing interaction is increased
instrength, phase separation always begins with “rippling”
in the x—y plane, rather than with “layering”, or vertical
stratification with no in-plane structure.

In this paper, we study how the chain architecture
influences such phase separation. In particular we study
the phase separation of grafted diblock chains. Our aim
is to explore the variety of phase separation patterns that
may occur by varying the architecture of the polymers. In
section II, we discuss the general mechanism of phase
separation of grafted polymers; we explain how phase
separation can be studied by calculation of the two-point
correlations in the absence of a demixing interaction. In
section III, we discuss the computation of the correlation
functions for the different systems of interest and give
general results. In section IV we use numerical methods
to calculate the eigenvalues and eigenfunctions of the
correlation function. Thus we obtain the minimum
demixing interaction strength A required to achieve phase
separation, and the monomer density distribution of the
phase-separated states. From our numerical results, we
have observed that, in the limit where immiscibility is
confined to short blocks at the free ends of the chains, the
phase separation is confined to a thin layer near the
ungrafted surface. We may account for the critical
interaction strength A.and the spatial patternin this limit
using a variational calculation, discussed in section V.
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Figure 1. Grafted diblock copolymers without demixing inter-
action.

Figure 2. Polymers of Figure 1 in an A-B phase-separated state
driven by demixing interaction.

II. Mechanism of Phase Separation of Grafted
Polymers

We consider asystem of long polymer chains end-grafted
to the x—y plane. Each chain is fastened permanently to
a point on the grafting surface.® There are ¢ chains per
unit area grafted to the surface. The layer is in the melt
state, with each chain occupying a fixed volume V. Thus
the layer has thickness h = ¢V. Each chain is composed
of two kinds of monomers, which we label as A and B, as
shown in Figure 1. The two are assumed to have identical
properties before we turn on any demixing interaction or
any external chemical potential to which A and B have
opposite responses.

If we introduce an A-B demixing interaction, the chains
will tend to demix into A and B regions to achieve the
minimum free energy. We can expect the system to
undergo A-B phase separation when the demixing inter-
actionreaches a sufficient strength, as illustrated in Figure
2.

The total density is constrained by the “melt” condi-
tion: the total monomer density should be constant
throughout the melt layer:

Pulr) + d}B(r) =1

in which ¢a(r) and ¢g(r) are A and B monomer volume
fractions at r.

Before we turn on any demixing interaction between A
and B monomers (which means A and B are still identical),
the free energy of a chain includes contributions from
stretching and pressure:*
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stew = [)'do [Y3) + peen ]

The “packing length” a depends on the chemical makeup
of the chains and is usually of order 10 A. Here and below,
we express (free) energies in units of the thermal energy
kT. Each chain is characterized by its conformation r(v).
The variable v represents the volume of the polymer chain
from the grafted point r; to r, and the pressure depends
only on the height of z. To specify S explicitly, we suppose
that the grafted layer is in contact with a melt of high-
molecular-weight homopolymers of the same species. Then
Sis the work required to move a chain from some reference
configuration in the melt to the configuration r(v) in the
grafted layer. (We may take a reference configuration for
which the stretching energy f(dr/dv)? is negligible.)

This representation of the chain energy uses several
conventional and well-justified approximations. First,
because the effects considered involve gentle spatial
variations on the scale of many monomers, we have adopted
the continuum, Gaussian description of the chains, fol-
lowing, e.g., Edwards’ many-body theory of polymers.?
Second, we note that the bulk of the local interaction energy
with other chains is the same as that in the reference state.
Any difference in interaction free energy at a given height
z can be expressed in terms of the work required to move
a segment of chain from the reference melt at infinity to
a point at height z. Work is required to introduce new
monomers in the grafted layer. The work is necessary
because the new monomers displace other grafted chains
and thus increase the height of the layer, resulting in
additional stretching of the other chains. Evidently the
work is proportional to the amount of chain volume
displaced, provided this volume causes a small perturba-
tion in the layer. Thus the work to insert a volume dv of
monomers at height z is dv times some z-dependent
coefficient p(z). This work per unit volumeis by definition
a pressure. The integral of this work over all the volume
elements of the chain is thus one way to describe its
interaction free energy. In this description, we assume
that the insertion of a chain does not appreciably alter
this pressure. Since the pressure at a given point is caused
by the stretching of many chains (provided these have
high molecular weight and interpenetrate strongly), this
assumption is well justified. This representation is the
basis for several analytical and numerical theories of high-
molecular-weight grafted polymer layers.+10-14

The single-chain partition function can be written as:

Z,(xy = [ &, [ Drw) e

The integral Dr is over all possible single chain configura-
tions with grafted point ro and free end r, fixed. The free
energy of the chain is the logarithm of this Z;. This is the
work required to introduce a new chain grafted at ry. Thus
the free energy AF required to add Ac¢ chains per unit
surface is given by:

AF = Aafdzro log Z,(r,)

This AF depends on the p(z) from the chains already
present; thus AF depends on the existing grafting density
o. To obtain the total free energy F = log(Z) of the layer,
one must add the incremental AF’s from zero grafting
density to the final grafting density:*

Fo)= Y _AF = {do {d?,log Z,(ry0)
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We now introduce a chemical potential u(r), which is
coupled to the A-B monomer concentration difference.

S =~ €% ) [940) - 501 =~ [ r ) p(x)
dII-1)

A and B chains have opposite responses to this external
field. The A-B monomer density difference ¢(r) - ¢p(r)
isdefined as ¢(r). (Many treatments consider a ¢ defined
as ¢a— {¢a) whichisa factor of 2smaller than our definition
and that of refs 6 and 16.) The partition function of the
system then is given by:

log Z[u] = fdafdzro log[ f d’r, f DreSt-Swmirly

The correlation functions of ¢(r) are defined by:

" log Z
G™(x,,...x,) = —|og Ll
op(ry)...ou(r, =0

The one-point and two-point correlation functions are
expectation values of the A-B density difference ¢(r):

GP(x)) = (¢(r))

GO (r,,x,) = (d(xr)) ¢(ry)) — (d(x)){P(xy))

For our A-B symmetric system we have (¢(r)) = 0. In
general we have the following relation:

GV (r,) _ Kory)
6#(1'2) 5#(1'2)

G(2)(l'l,l'2) =

This gives us the linear response of the A-B density to a
small perturbation of chemical potential, in terms of the
second-order correlation function:

(¢)) = [ dir, GD(r,,ry) u(ry) + O

We now turn on a demixing interaction between A and
B monomers:

Sint = Af &’r g5 (r) ¢p(x) = - %fdar ¢%(r) + const.

The demixing strength!” A is related to the Flory param-
eter'®y by x = AV/N, where N is the polymerization index
of the chains.’® This A-B interaction can be expressed
(making a mean-field approximation) as a shift in the
external chemical potential (eq II-1):

< 6Sint> _ + A
u(r) — u(r) 50(r) = u(r) 2(¢(r))

In the presence of a demixing interaction, we thus have
the modified linear response relation:

(6(e) = [, 62(eyrp [ucey + S0 ]

By definition, the correlation function in the presence of
the demixing interaction G2 satisfies

(b)) = [dr, GP(r,ry) uiry (11-2)

From the above two equations we can obtain the following
integral equation:
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GP(r,ry) = GPr,r,) + % f d’r, GP(x,ry) GP(ry,r,)

This can be transformed into an expression which relates
the correlation functions with and without the demixing
interaction:

[GP(r,r)]1 ™ = [GP(r,,rp)] " - %63&1—1-2) 11-3)

in which [ ]-! denotes the matrix inverse. Since G is a
symmetric real operator, we can obtain its eigenfunctions
¢» and corresponding eigenvalues ¢,,, which are real:

J'dsr2 Gf)(rlyrz) Bn(ry) = €,,0,(ry)

If the chemical potential u(r) is simply an arbitrary
infinitesimal perturbation of the A-B distribution of the
system, we may express it as a superposition of the ¢,:

uE) = Y (uld,) do(r) (I1-4)

in which the inner product is defined as:

(ult,) = [ dr u(r) 6,0)
Equations II-2 and II-4 may be combined to obtain:

(b)) = Y (ulg,) [ dr, GD(r,ry) ,(r) =

> eubalr) () (11-5)

An alternative derivation of this result using free energy
is given in Appendix D. From eq II-3, we see that the

eigenfunctions of the G are the same as the eigenfunc-
tions of G, while their eigenvalues are related by:

€an = (l - %) B (I1-6)

€n

We see that, if the demixing interaction strength A
increases from 0 to such a value that one of the eigenvalues
€am goes to infinity (eq I1-6), then the density distribution
{¢(r)) willdevelop into the corresponding eigenstate ¢, (r)
(eq II-5) with a divergent magnitude. (This unphysical
divergent magnitude is due to the fact that we only limit
ourselves to linear response and neglect all higher order
contributions.) In other words, in the presence of a
demixing interaction with the particular strength which
results in a divergent eigenvalue ¢;,, the system will
spontaneously phase separate into a state which is
characterized by the corresponding eigenstate ¢n,(r) of
the correlation function G2.

Thus, we shall study the second-order correlation
function without the demixing interaction, G®(r;,rs)
(which, for simplicity, we denote simply as G(r;,rs) in what
follows), and find its eigenfunctions and eigenvalues ¢,.
By finding the biggest eigenvalue eynay of G (ry,rs), we
can obtain the minimum strength A, = 1/ ¢max for the system
to begin to phase separate and predict the A-B demixing
distribution in space.

IT1. Computation of the Correlation Function

We now calculate the correlation function for different
polymer configurations, including diblock copolymer
chains and chains with mixed composition.
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Figure 3. Three kinds of contributions to the correlation function
G(z1,29), as expressed in eq III-1.

1. Diblock Copolymer System. Without the demixing
interaction, the A and B monomers are identical except
for labeling. The second-order correlation function G(ry,rs)
is, as in section II, the correlation of density difference
¢(r) = ¢pa(r) — ¢p(r) of A and B monomers:

G(rprz) = (¢(r)) ¢’(r2)>c = <(¢A(r1) = ¢p(r))(d,(ry) -
¢p(ry))),

in which, for simplicity, we define the cumulant correlation:
(fg) = (fe) - (&)

We shall consider the case in which the A and B portions
are completely symmetric: for each chain with A at its
upper block and B at its lower grafted block, there is a
complementary chain with B at its upper block and A at
its lower block (Figure 1). We denote ¢,(r) as the density
contribution (either of A or B type) due to upper blocks
and ¢)(r) as the density due to lower blocks. Directly from
the definition of G(ry,rs), we have

G(ry,ry) = ((¢y(r;) — d (r D(P(rs) — P (X)), =
(@,(r)) dy(ry)) . + (Dy(ry) y(ry) ). — (y(ry) Gy(T5)), —
(@y(ry) ¢(ry)), (III-1)

From the above result, as illustrated in Figure 3, the
correlation function can be divided into three parts,
namely, upper-upper (both A-A or B-B are on the upper
portion of the chain), upper-lower (A-B or B-A, oneison
the upper portion of a chain and the other on the lower
portion of the chain), and lower-lower (both A-A or B-B
are on the lower portion of the chain).

In order to compute G(r1,rs), we need correlations (¢,-
(r1) du(ra))e, (Pulr) di(ra))e = (Pi(r2) dpulry) ), and (¢pi(ry)
¢1(ra)). which can be obtained by summing over the
contributions from all the chains in the system. Thus the
u-u contribution is given by:

(Bu(1) 6,00 = D (Y1) Yy (89))c

ro,ro’

The Yr,u(r) (also restricted to be upper monomers) are
the monomer density distributions of a single chain grafted
at point ro. Specifically

v
Yroulr) = fwzdv 8*(x-1(v))
Since in our mean-field formalism the chains interact only
via the one-body pressure field, they are statistically

independent. The (yy). must vanish unless the two
factors refer to the same chain:

(BT D X)) = [ D+ Y 1y o0 ¥y 1), =

ro=rg ro#ry’
Y W) ¥y o),

ro=ro
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In the continuum limit, the sum over all chains is just
an integration over ry in the x=y plane (i.e., integration
Over £g = {%o, yo} With 2o = 0), multiplied by chain density
¢. The correlations of the total density of specific type on
different blocks of the chains can be obtained by summing
over all chains with different grafted points rq:

Guu(rprz) = (¢, (r) d’u(rz))c =
o [ 2y (¥ u(1D) Yy (1),

The Gy, G, and Gy are defined similarly, with ¢, and ¥,
replaced by ¢; and ¥; accordingly. With these partial G
functions, we may reexpress the full response function of
eq III-1 in terms of single-chain ¢ correlations:
G(ryry) = Gy (ryry) + Gyry,ry) = Giy(ry,ry) = Gy(r,,ry)
We now need to compute the single-chain monomer
density correlations:

(\bro,u(rl) ‘pro,u(rZ))c’ (¢r0,u(r1) llbro,l(rz) >c’

(wro,l(rl) \bro,l(rZ) )c

These can be calculated using the density distribution of
asingle chain in a grafted polymer system. Thisis already
discussed in detail in ref 6, so here we quote the results.

The probability that a single chain has its free end
located at height z, in the melt state may be expressed in
terms of the partial coverage of chains ending below height
2,, which we denote o(z,), following ref 6. Evidently the
total coverage ¢ defined before is o(h). Thus the desired
probability may be written:

The monomers per unit height contributed at height z by
a chain with the free end at height z, is

dv_2V 1

dz = 2 _ 2

The height z can be expressed as a function of position v
along the chain and the free end height 2:

z2(v2,) =2, sm—

2v

The polymer section from vy to v; has a Gaussian end-
to-end distance distribution in the x—y plane:

(8- % )2)
- ___a _a®i—% _
¥ (15%0,01,09) 97(0; - Vg) exp( 2 0, - v, 8(v1~vy)

where 0(¢) is the unit step function. We also denote:

(- 5‘0)2 8 (x; - "o)2 + @y - y0)2

From these results, the monomer density distribution
at r of a single chain (grafted at point ro with the free end
at z,) is the product:

(g—g)y(x,xo,v(z,zv),O)

where (dv/dz), although not explicitly indicated, is a
function of z,. By averaging the expression over all possible
heights 2z, of the free ends, we obtain the density

Phase Separation of Grafted Copolymers 6431
distribution of monomers of specific type:

1 da)

(Y1) = j dz, = $)62(V,2,)- z)( 5 )«,(x Fo0(2,2,),0)

Va0 = [z, (20002(Vo2 D[ 5.500(2.2.0

Vi is the volume displaced by the lower block of a chain,
V. is that of the upper block, and V; + V, = V. Thus
2(Vy,2,) is the height of the junction point of the two blocks.
The 6 functions in the above expressions guarantee that
only chains that can contribute will be summed: these are
chains with end height z, in the particular range such that
z will be within the lower (for 4(r)) or upper (for Y (x))
block of the chains.

Similarly, the density correlation of monomers at z; and
z5 on a single chain is given by:

(32)11(32) (X g0(2412,)s 0) v(Z5,%,0(25,2,),0(2,2,))

We define z< = min{zy,29} and z> B max{z1,29}, and 2< and
%> represent corresponding x—y coordinates. The product
of two v functions gives the probability that a chain
stretches from the grafting point to z< and then continues
to height 2.

Averaged over all possible heights 2, of the chain, the
density correlation between monomers depends on whether
both are on the upper portion, both are on the lower
portion, or one is on the upper portion and the other is on
the lower portion of a chain. They are given by:

(W (™) ¥ (o)) =
h 1de
f dz, (; a;)(’(zrz(Vl,zv)) B(zy-2(V)2,)) X

(g:)zl(gg) Y E V(2 2),0) ¥ (Es % V(25,2,),0(26,2,))

(%0,1(1'1) ¢,0,1(l'2)) =

f dz (l .d_‘l)o(z(vbz) 21) 8(2(Vy2,)-25) X

(gg) (32) Y(E R 0(2,2,),0) Y(Es,E ,0(25,2,)0(26,2,))
Zy

<‘l/r0,1(r1) ¢r°,u(r2)> =

f dz (lgg-)ﬂ(z(vl,z )=z;) 0(z—2(V},2,)) X

(gg)z (glz]), V(X X 0s0(2 £,2,),0) V(E5,% ,0(2,2,),0(2,2,))

The 2(V},2y) is the height of the junction point of the two
blocks (of different types) on a given chain, and the 6
functions guarantee only the contribution from a chain
with zyin a certain range (so z; and z; fall within particular
blocks of the chain) will be summed (Figure 3). By
summing over these contributions from all the chains, we
obtain the contributions to the second-order correlation
function by monomers on different blocks of the chains,
and the sum of them will be the correlation function.

From the above discussion, we can readily obtain the
compositional correlation function G(ry,rs). The actual
mathematical derivation and simplification are straight-
forward and uninstructive, so we only illustrate the process
in Appendix A. Here we simply list the results.
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The system has translational and rotational symmetry
inthe x—y plane; this lets us simplify the problem by taking
Fourier transform in the x—y variables of the correlation
function. Then G(ry,rs) may be expressed as a function
of parameters R = {k1,k1,} and kg = {ko;,ko,} and variables
2 and 25: G{k1,21;k2,22). After the mathematical simpli-
fication illustrated in Appendix A, we see that 52(R;+k5)
appears as an overall factor in the correlation functions
due to the translation invariance of the system in the x—y
plane, and only magnitudes of momenta appear in the
correlation function due to rotational symmetry in the
x—y plane. The single characteristic length scale in the
x—y plane is the lateral extent of a chain, of order (V/a)1/2.
Itis thus natural to express the wavevector k in the reduced
form:

k 2V %
2a 2a
The nonzero portion of the Fourier-transformed correla-

tion function G(R1,2;~k1,22) can be simply denoted as
G'(R%21,25) times the area of the surface.

To simply the notation, we define

Rl ——

GYryry) = o f %, (Y, (1) ¥, ()

Glry,1y) = o [ 4%, (¥, (1)) (¥ (1)
So we have
G(r,ry) = Glr,r,) - G'(r,r,)
The corresponding Fourier-transformed correlation func-

tions are defined similarly. Here we replace factors of V
by h/e:

Gl (R%z,.2,) = -—-—f dz, g5(21,2,2,) 0(2' ~2,)

G (kz 21’22) Uhe(h_z/>)f:>dzv g3(21:22’zv)

L (R%2,2,) = lshf dz, g5(21,20,2,) 8(2,~2")) 8(2'2,)

Gy (B2,,2,) = laﬁgl(zl) 8.(2y)

G (k2y21,22) = gz(zl)gz(zg)

Uik = B gy any
where we have introduced

, 2

sin(z=V/2V)

4

If 2z is the junction point, 2’ is the free end height. The
three functions g1, g2, and g3 are given by:

2k*
f(z'-z,) exp\ - —ﬂ_—qa(z,zv)

fhdz i L
z "\fhz,zvz \/;vz_z2

§(2) =
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8,(2) =

z 2k?
02 | "o, —— 1 exp(— 7¢(z,zv))

Vh-22V 2} -2

8:(24,29,2,) =

Zy 1 1

'\/h2 - zv2 \/z,,2 - 212 \/zv2 -

2k?
exp\ - —e(292,) - ¢(2,,2,)]

where the angle ¢(z,z,) is defined by:
o(z,2,) = sin"\(2/z,)

For k = 0, we may express the correlation functions in
terms of elementary functions and F(¢,k), the incomplete
elliptic integral of the first kind (Appendix A):

Gra(052,,2)) =

6__h [p(z»\ /h2"2>2)_
T\ ht-2 2 W -zl
F(Sin_1 h2 - z</2 h2 _ 2>2) ]
\/ h2_z>2’ \/ h2”2<2

N ==

L(02,29) == —~—-(9(.z2 2,) X

[ v/E /2.
V)

F( - h2-22’2
sin” \ /
2 2’
hé-z,
1
GY (052,,2,) =
h2 -z 72 h2 -z 72
16 -1 1 -1 2
~— CO8 2 2 CcOoS 2 )
o h —21 h _22
alll =
G]l (0;21,22) -
4 h2_21/2 . h2__22/2
2., 2 oM 2_ 2
h* -z, h* -z,

GL(0z,29) =

2_, 2
h*—-z,
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Glllll(OQZsz) =

2 )2 2 22
16 . 4 h*-2, B h® -2,
20 cin cos »\ /2 1118
o h2—212 h2-222 ( )

Here for simplicity we have defined the operation VvV as:

__{o ifX <0
vVX={vX if0sX<1
1 fX>1

2. Blocks with Mixed Composition. Besides the
diblock configuration discussed above, we can also study
the effect of blocks having composition intermediate
between the pure A and B blocks treated above. On the
lower portion of the chain, instead of A or B monomers,
we consider blocks with A and B monomers mixed together.
For example, the lower block may be a random copolymer
of controlled composition. The density ratio (1 - f) is
defined as the proportion of upper species in the lower
blocks. Thus, when f = 1, we have the A-B diblocks of
section 1, while f = 0 gives us homopolymer chains
(containing only a single type of monomer). So fis a
measure of “contrast” of the two blocks of chains. The
correlation function of this generalized system can be
written as:

G(r,ry) = ((@a(ry) — dp(X D) (@4(Ty) — dp(ry))), =
([fy(x)) = (@y(ry) + (1 = Ny(r))][fy(xo) — (B, (xy) +
(1= Dey(r)]), = (o,(ry) ,(xy)) +
(1- 2P ey(ry) B1(Xy)) + (1= 2D(By(x)) B, (x)), +

(1= 2/)(¢y(ry) ¢)(xy)),

So we have

G(r,,ry) = Gy(ry,ry) + (1 - 2)?Gy(ry,ry) +
(1-20G,(rxy) + (1 -2HG y(ry,ry) (111-4)

This can be calculated using the results listed above. When
f =1/,, we have

G(ryry = G (ry,xy)

In this case, as will be discussed in more detail in later
sections, the lower blocks are “neutral”, the only tendency
for phase separation comes from the upper blocks. Note
that we cannot achieve the complementary case where
only the lower blocks contribute.

Asdiscussed insectionII, to study A-B phase separation,
we need to solve the following eigenvalue equation:

fdr1 G(ry,ry) ¢(ry) = eg(ry)

orwith x and y transformed into Fourier space and replaced
by parameter kZ

[ldz, GR?2,2,) 6 (B32,) = @m)%e®) ¢ (R%2y)

Our goal is to obtain the biggest eigenvalue and the
corresponding eigenfunction. This correspondstothe A-B
phase-separated state with lowest demixing interaction
strength A, and the density distribution of monomers of
specific type in the demixed state. We use numerical
methods as an approximate way to solve the eigenvalue
problem and later use a variational principle to confirm
some properties revealed by the numerical results.
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IV. Numerical Method and General Result

In analyzing the properties of the correlation function
G(k%z2.,2,), we find that it is singular along the diagonal
21 = zg line. This adds some difficulty to the numerical
computation. As in the grafted homopolymer correlation
function, this singularity is only logarithmic and hence
integrable. The singularity may be removed by trans-
forming toa basis set of smooth functions, such as Legendre
polynomials. Alternatively, we may use a set of functions
with localized support. For simplicity, weseth=1,V =
1(so ¢ = h/V = 1) in this section and the following section
V, so all the lengths and volumes are in units of # and V,
respectively.

1. Correlation Function and Eigenvalue Equation.
The correlation function G{(z1,22) with k = 0 is plotted in
Figure 4a. From this we can notice that it diverges
logarithmically along the diagonal line and diverges more
strongly at the “corner” z; = z;— 1 with power (-1). These
divergences occur also for the homopolymer case treated
by Marko and Witten.8 As z; — zj, the volume fraction
at 2, of the chain passing through z; diverges, resulting in
a divergence of G. The divergence at the corner arises
from the (1 — 2,2)-1/2 divergence of the end density do/dz.
We can also see a “step” along z; ~ 0.7 or z; =~ 0.7: this
can be explained by the fact that when z; and z; are higher
than the maximum height that may be attained by the
junction point (V)), only the upper-upper portion of the
correlation function will have a nonzero contribution. To
illustrate the composition of the total correlation func-
tion G, we also plot the components Gfm, Gf,lu; Glll, Gﬁl; and
G{u, Gﬂ in Figure 4b—g. From these plots, the origins of
divergences, dips, and steps of total G (z1,22) become clear.

For a kernel such as G, which is not smooth, we either
can use a very small mesh in real space or project the G
operator onto a basis of smooth functions such as the
Legendre polynomials, in hopes that a smaller function
space will give an adequate representation. We use both
methods and obtain quite consistent results. Our nu-
merical uncertainty is indicated by the difference between
the curves in Figure 8. ‘

2. Solving the Eigenvalue Equation in the Legendre
Representation.’ First we use a projection method, in
which we transform into a basis of Legendre polynomials.
Since the Legendre polynomials are orthonormal, the
eigenvalues of the correlation function will not be changed
by this transformation. We define the matrix elements:

(PIGIP)) [, [de, dz, P(22,-1) G(RYz2,,2,) Py(22y-1) =
GE%Lg)
The P;(x) are Legendre polynomials defined for x € [-1,
1]; thus, we use functions P;(2z-1) to allow z € [0, 1].
To simplify the mathematics, we use the following

transformation formulas which are derived in detail in
Appendix B. We neglect the factor 42(k;+k;) as before:

(G Jg) = 4=* leff;ldvlf;dvz e MUK, (0,00,8)
(AGHe) = ax* f{1de " do, f,"dv, ¥R (0,0,
(ACLIg) = 4x* [ e f"dv, f dv, PR, 01,000

(fGale) =
4 [ 'de f doy K o1, fidn fdv, €K wpm
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Figure 4. (a) Typical second-order correlation function G(z1,25) with f =1, V, = 1/5, and k = 0, where V = h = 1. It is symmetric
about the diagonal line, on which the eigenfunction diverges. The spikes along the diagonal are artifacts. (b) Gyl(z1,z2) component.
The vanishing region reflects the fact that there are no monomers from lower sections of chains above a certain height. (¢) Gyll(z1,22)
component. The vanishing region reflects the fact that there are no monomers from lower sections of chains above a certain height.
(d) Gul(21,22) component. It diverges along the diagonal line. The spikes near the origin (0, 0) are an artifact of the plotting routine.
(e) Gu,l'(21,22) component. It is finite everywhere. (f) Gy !(z1,22) component. The vanishing region reflects the fact that there are no
monomers from lower sections of chains above a certain height, and the monomers from the lower sections of a chain are lower than
monomers from the higher sections of the same chain. The Gy!(z;,22) is just the transpose of it. (g) Gi,(21,22) component. The
vanishing region reflects the absence of monomers from lower sections of chains above a certain height. The Gy'(z,,29) is just the
transpose of it.
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Figure 5. Biggest eigenvalue of G(z,,z2) as a function of f and
k?with V= 0.5, using a Legendre polynomial basisset. Numerical
uncertainty estimated by the difference between the fifth- and
fourth-order results is less than 0.05.

(Gyle) =
41r2f01dfj;vldvl e’p"'K{(ul,E) foldn J;)V'du2 e‘p"’Kg(uz,n)

(AGLlg) =
4 [ dé f,"do, K 0,,6) [ dn [, dvy €K (0,,m)
The kernels K are defined as:

K, = )‘(\/1—_52 sin %), K, n) = g(\/ﬁ sin %)

K (0},05,8) = f(\/l - £ sin %vl) g(-\/l - £ sin 1;)2)

Replacing the arbitrary functions f(z) and g(z) with
Legendre polynomials Pi(z), we find that the above
integrals can be carried out in closed form. We thus obtain
the correlation function components in Legendre space
G(k%i,j) in closed form as functions of k2, the A-B contrast
f, and the length of the lower block of the chain V). We
find that the eigenvalues converge well when only a few
low-order Legendre polynomials are used. Figure 5shows
the result obtained with up to fifth-order Legendre
polynomials and with V) = 0.5.

The dependence of eigenvalue ¢ on & for f = 0 may be
compared directly with ref 6. We find our ¢(k=0) = 0.25
in agreement with their result. For k = 1.95, our € has a
maximum ep,y = 0.44. This agrees well with ref 6, where
émax = 0.440 at kB = 1.841. Since the largest eigenvalue
occurs when k # 0, the phase separation requiring the
smallest demixing interaction is always rippling and not
layering. When we increase the demixing interaction
strength, the system will first phase separate by rippling
with finite wavelength in the x—y plane. If A is increased
beyond A., we expect the rippling modulation to increase
in strength. The concentration waves will, in general,
interact to form, e.g., a lattice of alternating composition.
Our linear-response picture is not sufficient to describe
such phenomena, and we shall defer our treatment of them
to a future publication.20

We also notice that when f = 1/, i.e., when the lower
block is neutral, the A, is maximal. This is because, in
this situation, neither A nor B from the upper block of the
chain can easily penetrate into the lower region away from
the upper blocks of unlike monomers. Withf~0or f =~
1, chains can easily penetrate into the lower portion without
much repulsion (since there are few unlike monomers in
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a

Figure 6. (a) Biggest eigenvalue of G(z,2,) as a function of k2
and Vywithf=0.5. (b) Biggest eigenvalue of G(2,,2;) as a function
of k2 and V|, with f = 1.

the lower region). Thus the phase separation can be more
easily achieved in these cases. Also we see generally the
homopolymer chain system (f = 0) phase separates more
easily than A-B diblocks (f = 1).

We also can obtain the dependence of the eigenvalues
on the relative length of the two blocks (V)) and k2, as
plotted in Figure 6a with f = /5. For generic values of the
contrast f, the effect of changing V) is moderate: even if
Vi is large and the upper sections are small, the ho-
mopolymer phase separation of the lower blocks dominates
and controls the eigenvalue. But when f = 1/, there is no
tendency for the lower blocks to phase separate. Then
the overall tendency to phase separate must vanish as V)
— 1, and the eigenvalue must go to zero, as can be seen
in Figure 6a (f =1/5). The result shows that the longer the
upper block is, the easier the phase separation will be.
When the upper block is short, the relation is quite linear.
This will be discussed more thoroughly later and in section
V. When the upper block becomes a large fraction of the
entire chain, the eigenvalue no longer strongly depends
on the length. 3

For f = 1, the dependence of eigenvalues on V) and k2
is plotted in Figure 6b. We can see from Figure 6b that
the easiest phase separation mode is one with k& = 0 for
any value of V), but the preference is less significant for
bigger V) values. At V)= 0.7, the eigenvalues are almost
independent of k2, which means all the modes begin to
contribute to compositional fluctuations for almost the
same phase separation interaction strength. We plot the
phase separation pattern of the first mode available with
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Density

2
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Figure 7. A-B density difference distribution of the phase-
separated state with f = 1, V) = 0.7, and k2 = 0.25, calculated
using Legendre representation.

V = 0.7 in Figure 7. We observe that the integral of this
profile is nearly zero, indicating that there are nearly equal
numbers of A or B monomers on any point on the x—y
plane. This is in contrast with the f = 0 case, where the
corresponding profile integral is much larger.

3. Neutral-Type System (f=!/,) Results Obtained
in Real Space for k = 0. From the correlation formula
(IT11-4):

G(rry) = G (ry,ry) + (1~ 2f)2Gn(r1,r2) +

1- 2f)G1u(r1;r2) +(1- 2f)Gul(rl’rZ)

When f =1/, i.e., when the lower portion of the chain has
an equal number of A or B monomers, we find

G(rpry =

Thus the chains behave as if there is no lower (neutral)
portion of the chain: all the demixing is due to the upper
portion. This greatly simplifies the correlation function
and makes it possible to study the properties of the system
further with the expectation that there may exist some
simple relation between the phase separation tendency
and the system configuration (for example, V).

Withk = 0and f = 1/,, we have the simplified correlation
function:

Guu(rl’rQ)

G'(zl,zz) = Gl(zl,z2) - Gn(zl,z2) =
1-2.°2
160(Z<’“Z>)—'__1_[F(I’ >2) -
Vi-22 2 1-2,
1 - minfz /,1}* 1-2,2
F(sin‘l \ Lomine ol s } N ———’2)] -
1-2, 1~2,
1-min z1 ,1}2 /1- mm{z2 ,
1- z1 1- 22

With a very small upper block length V,,, we expect that
the phase-separated density distribution will no longer be
so smooth and that the Legendre representation will no
longer converge well. To solve this problem, we can
compute the matrix elements in real space with a very
small mesh. In other words, we divide the z interval into,
e.g., 100 equally spaced intervals and use basis functions
which are unity in the ith interval and zero elsewhere. On
the diagonal line where the original G(z;,22) diverges, we
use the average value of the correlation function obtained
by integrating G(z;,22) over one square of the grid. The

16 cos™
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Figure 8. Biggest eigenvalue of G(21,2,) as a function of end
block length V,,, with k = 0 and f = 0.5. The upper two solid lines
are calculated using 100 X 100 and 200 X 200 meshes. The dashed
line is the corresponding result using the Legendre basis. The
three curves are all consistent for most V,, values. The Legendre
calculation gives poorer results for small V,; this is expected
since for small V, the eigenfunction is no longer so smooth.
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Figure 9. Typical A-B density difference distribution of a
segregated state (k = 0, V| = 0.8, f = 1/,), calculated using 200
X 200 size mesh in real space.

relation between the eigenvalue ¢ and V, shown in Figure
8 is calculated using 200 X 200 and 100 X 100 size meshes.
The consistency of the results shows that the numerical
computation converges well at all but the smallest V.

One important property we observe from Figure 8
(Figure 11 shows an expanded scale) is that, for very small
V. (very short upper block), the eigenvalue ¢, which is
inversely proportional to minimum demixing interaction
strength A, increases roughly linearly with V. Evidently
the numerical convergence is poor for small V,. This
property is further studied in section V using a variational
calculation (Figure 11).

A typical eigenfunction is shown in Figure 9. It is
qualitatively similar to Figure 7, except that now the phase
separation occurs in a narrower region near z = 1. Figure
9 clearly shows that the total A~B density difference ¢ =
¢a — ¢B changes sign along the 2-axis and that the integral
of the eigenfunction vanishes, reflecting the fact that there
are equal values of A and B blocks and that k& = 0.

V. Study of the Short End Block Limit via the
Variational Principle for k = 0

It is clear from Figure 8 that our numerical nrethods are
not suitable for treating the limit of short immiscible
blocks. In this section we explore this limit using a
variational approach.

From the eigenvalue equation:

fds"z G(ryry) ¢,(ry) = €,8,(x))

we can obtain a complete orthonormal set of eigenfunctions
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Figure 10. Trial demixed state density distribution function
¢(2), without the normalizing prefactor.

- 7

on(r) and eigenvalues ¢,, since G(ry,ry) is symmetric and
compact for our system. When G is applied to a function
with unit norm, the result corresponds to a physical
perturbed density distribution, so it must have a bounded
norm. That is, G must be compact. Assuming that the
biggest eigenvalue is ¢, for an arbitrary trial function ¢(r):

(1) = D (9l0,) 6, (x)

The “expectation” value of the correlation function is
($IGIp) = [ d°r, d°, 6(r)) Glryry) $(x)
= (@16 (8ls)) [ &, dry ¢yt Giryr) 9(r)
W

= Z(¢|¢i><¢|¢j>ei6ij = Z€i|<¢|¢i>|2
W

= 512|<¢|¢i>|2 =¢

The equal sign is valid only when the trial function ¢(r)
= ¢y(r). Thus, we see that by choosing a trial function
whichis very close to the eigenfunction ¢, (r) corresponding
to the maximum eigenvalue ¢, the expectation value of
G(ry,ry) with respect to the trial function will give us a
lower limit of the maximum eigenvalue. Due to the
translational and rotational symmetry in the x—y plane,
k2 is a “good quantum number”, and it appears in the
problem only as a parameter. We can choose ¢(r) = cos-
(kx)@(2); here we consider the behavior of ¢ when k2 = 0,
as in Figure 8.

We note that the correlation function has its peak (a
strong divergence) at z; = 2z = 1: we make full use of this
region to make the expectation value as big as possible
(hence closer to the real value ¢;) while choosing the trial
function to be as simple as possible to simplify the
mathematics. For the grafted chains with very short upper
block V, « 1, the trial function ¢(2) we choose, which is
normalized and integrates to zero satisfying the condition
that there is the same amount of A and B monomer in the
system, can be written as:

o2 =/ S0tz - (1 -] - T2 - w) - 2)

with w small. The function is illustrated in Figure 10.

We make use of the transformation formulas listed in
section IV, neglecting the mathematical details (which
are listed in Appendix C). The expectation value of the
first part of the correlation function G, in the limit w —
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Figure 11. Near-linear relation of the biggest eigenvalue of G
with short end block length. The dashed curve is a rigorous
lower bound on the eigenvalue. The solid curves, from Figure
8, violate this bound at small V,, owing to the effect of finite
mesh size. From the bottom up, the solid curves are obtained
using 100 X 100 and 200 X 200 meshes.

0 and V, — 0, is given by:
31-—
(91G¢) ~ %’— 17“’[53 - -V (v

The second part of the correlation can be obtained as:

401 - )2 2 V12
) ~ T Ly /v E ()]

w
(V-II)
in which the parameter £ is defined by:

= / 4 w2-w)
7 (1-w)?

For small V,, the expectation value of G = G! - G!
reaches its maximum when approximately:

1 L

wal-————— S
V1+ 7V Y4

Using this we have the expectation values:

‘/2

(9lGp) ~ (2w>23ﬁvu
¥ i

2
(¢lGMe) ~ (%r)z%vu“’

So the lower limit estimated from our trial function is
=1 =L ity Lo ety 8
¢ 4W2<<1>|c’?|¢>m, 4,r2<¢'G ) 4W2<¢|G i6) ~3-V,

We notice that the second part of the correlation function
gives a contribution which is proportional to V2 rather
than V,. This gives a negligible contribution to the
eigenvalue when V), is very small. The eigenvalue lower
bound is about 0.85V,, with V, = 0.

In Figure 11, the curved dashed line is the exact
numerical result of the lower bound of ¢ using the trial
function. It gives us agood estimation of ¢ for a very small
Vuvalue. Butnot surprisingly, it gives a poor estimate for
only a slightly bigger V,,. Thesolid lines are the numerical
result we obtained before (Figure 8) by solving the
eigenvalue equation directly. The dip at the small V,
region is due to the fact that the mesh we use is of finite
size. Figures 8 and 11 show that, with a finer mesh, the
dip will eventually disappear. Away from thatregion, the
three curves agree well and the relation between eigenvalue
e = 2/A; and V), is nearly linear.
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We note that the end density distribution (do/dz) is
singular at the top of the layer 2, ~ 1; this means when
Vu—0,the short end blocks dominate the phase separation
at the top of the layer, and the lower region can be
neglected. In general:

e= (@loi) ~ [ [oGlo~ [ oSy

We already see above, for short V, the eigenfunction
¢ has peak ~w-1/2 at the end z = 1; the width of it is about
w ~ V2 If the end density distribution da/dz ~ (h -
z)7P, the eigenvalue will have e ~ wlP ~ V229 (the dv/dz
only provides a smooth contribution above when we
integrate z, over therange 0-1). If p=0,dos/dzis asmooth
function, and ¢ ~ V2. Butif do/dzis divergent at the end
z = 1asinoursystem (p = !/,), the e will be much amplified
and we have at the lowest order ¢ ~ V, instead of V2

To further shed light on this behavior, we note that, if
we neglect the second part of the correlation function GH,
the phase-separating pieces in fact behave like a dilute
gas of immiscible atoms in the limit of small V. The gas
is nonuniform, with a local density distribution (ds/dz)
which is divergent at the end z = 1. The result will be
significantly different from a uniform gas system due to
the highly inhomogeneous total density.

VI. Discussion

We have explored two aspects of the phase separation
of grafted copolymers. The first was a general study of
diblocks of an arbitrary length ratio. We also varied the
relative demixing strength of the grafted block. Here the
phase separation is qualitatively similar to that of ho-
mopolymers. The incipient phase separation pattern has
a characteristic transverse wavelength comparable to the
mean lateral extent of the grafted chains. For pure
diblocks, the critical demixing strength A, goes through
a maximum when the upper block is about 20% of the
chain. When the composition of the grafted block is varied,
A.is maximal when the composition is neutral—i.e., when
f=1/5. The neutral composition has no phase separation
tendency. The phase separation profile with height z for
diblocks typically has three regions of alternating com-
position, separated by two nodal surfaces.

In the second aspect of our study, we considered the
limit in which only the free ends of the chains were
immiscible. Suchpolymersin afree meltstate would phase
separate at A."! of order V.2, where V, is the immiscible
fraction. When such chains are grafted, they show
distinctive phase separation unlike that of the free chains
or of grafted homopolymers. The phase separation
resembles that of a nonuniform gas of immiscible blocks,
with an overall density profile which is that of the chain
ends. Because this end density profile is singular at the
outer periphery of the grafted layer, the concentration of
immiscible blocks is much higher than it would be in a
uniform melt. Accordingly phaseseparation is easier: A.™!
goes as V. The phase separation amplitude is concen-
trated at the extremity of the layer. We have not studied
the transverse modulation in this limit. We expect this
transverse modulation to be relatively structureless, since
the immiscible blocks are free to migrate laterally over
distances much larger than the size of the blocks. It is
nearly as though the grafted ends were free to slide over
the surface. Thus out to length scales comparable to the
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lateral extent of the chains, we expect uniform pancakes
of phase-separated material.

We predict that chains with immiscible ends phase
separate more readily when they are grafted. Our
quantitative results in this limit are probably difficult to
test experimentally. To do so requires substantial stretch-
ing of the grafted chains under melt conditions. Only
mild stretching has been achieved in current experiments.
In addition, the theory requires the upper block to be a
small fraction of the chain, yet still much larger than a
monomer. Still, our theory should serve as a qualitative
guide. Toillustrate the magnitude of the predicted effects,
we consider polystyrene and polybutadiene, whose A ~ 2
X 10 (kT/A%).17 A blend composed of neutrally miscible
chains with, say, 10% polystyrene or polybutadiene at the
upper end (Vy, = 1/19) would then undergo bulk demixing
when the total molecular volume exceeds 1.1 X 108 A3, But
when these chains are densely grafted the phase separation
occurs at only !/ of this molecular volume, which is about
1.4 X 105 A3 =~ 80 000 amu, according to Figure 11.

In predicting these phase transitions, we have ignored
several effects. Our approach has been to find the point
at which the mixed system becomes linearly unstable. We
identify such a point as a phase transition. Thisis correct
aslong as (a) the phase transition in question is continuous
and (b) the mean-field approximation of replacing ¢ by
(@) is justified.

We believe both of these conditions are sufficiently well
satisfied for the long, grafted polymers treated here. In
the mean-field approximation of simple liquids, polymer
blends, or block copolymers, demixing is a continuous
transition when the system is symmetric under interchange
of the two components A and B.” Then the phase
separation point is a critical point, and the departures fof
(@) from zero may be made arbitrarily small. Our analysis
assumes that this is the case for symmetric grafted layers
as well. The validity of the mean-field approximation for
long polymers is well accepted, as noted above. Still, if
the molecular weight is finite, departures from mean-field
behavior are known. Notably, symmetric diblock copoly-
mers show fluctuations that render the transition to the
lamellar phase weakly discontinuous.?? Thisdiscontinuity,
like other fluctuation effects, becomes arbitrarily small as
the molecular weight goes to infinity. Our rippled phase
has orientational degeneracy like a lamellar phase; ac-
cordingly, similar fluctuation effects are expected in our
system.1® Nevertheless, we expect our mean-field ap-
proach to describe the transition well except very near the
transition point. These fluctuation effects can also
determine which relative directions of ripples are favored.
For example, the most stable configuration might be a
square or a triangular pattern of ripples.

We have also ignored possible variations in the height
h(x,y) induced by phase separation. This is permissible
because of the complete symmetry under interchange of
A and B monomers. Any motion of an A segment of chain
under phase separation is completely balanced by an
opposite motion of the corresponding B segment. There
cannot be any variation of height proportional to ¢4 — ¢s,
as this would distinguish between A and B and violate the
symmetry. Any variation of height is of order (¢a ~ ¢p)?
and is thus negligible compared to the infinitesimal effects
considered here. In mixed layers lacking this symmetry,
height variations would accompany phase separation.
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VII. Conclusion

This study illustrates how one may predict and control
phase separation patterns in grafted polymer layers by
varying the molecular architecture of the polymers used.
Within limits one may tailor these patterns to achieve a
desired goal, for information storage, controlled transport,
or a structured environment for electronic or wave
phenomena. For these purposes, it would be valuable to
know how the patterns differ in the strong segregation
regime, how they evolve in time, and how they respond to
external influences such as flow or wetting effects. Inthis
work we have only studied symmetric species, where the
monomers are identical in their elasticity and their
displaced volume. We have also not considered the
potential effect of solvent in the layer. Such effects may
have an important effect on the phase separation, and
they should be explored.
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Appendix A: Calculation of the Correlation
Function

In this appendix, we illustrate how the correlation
functions in the text are simplified. The following is a
mathematical manipulation of the formulas sketched
previously. To avoid redundant computation, we only
choose the correlation between an upper portion and a
lower portion of chains and do the computation in detail.
The other u—u and I-1 contributions can be done similarly.

As in the text of this paper, we define the phase angle:

CIE
<<

@

the “image” height:

/=_—a -

2/ == 2y ==
sin ¢ sin ¢

and the probability that a single chain has free end height
zy:

Q=

do__ &

d hV h2-2}?

The monomer density distribution of a chain with free
end at height 2, is

dw_2v__1
dz 22- 2

Thus, the height 2z can be expressed as a function of position
v along the chain:

2, sm——-

2(v2) = X%

The polymer section vy ~ v; has its end-to-end distance
distribution in the x—y plane given by the following
Gaussian distribution:

S o2
a exp(—g___(x1 %o) )a(vl—vo)

(Z1,X0yU150q) = ————
VX 1,%0,U1,U0 27 (vy — Ug) 2 v, -1,
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We have the first part of the correlation function;
Ghryry) = 0 [ a8, (Y () ¥y o (r))] =
- h 1doydvy d
oJats [ ae, G B G, (B Vieo-20 %
0(zy~2(Vy,2,)) Y (& 2gU(24,2,),0) X

7(56>,a’c<,v(z>,zv),v(z<,zv))] =

afd%[f o S e

( a(x<‘fo)2\ a
_exp\ 3

ve  /2xvs -v

(_ a (&, - i<)2) ]
exp 2 vya-vg

Considering the translational symmetry in the x—y plane,
we can simplify the previous expression by doing Fourier
transforms with respect to x—y variables:

0(zy—2 )

G(ky,23Ro2,) = ﬁ:wdle d25¢2 e-ihh—iszzG(rl,rz)
The density distribution (dv/dz) and probability 1/s(do/

dz) are substituted with the expressions listed above, and
we have used V = h/g to eliminate V.

G]Iu(kl,zl;ﬁzyzz) =
o(2m)%8% (R, +ky) f:dzv (i 3:)(%)1(%5)2 X

B2
0(z,~z,") 0(z4' - 2,) exp(— ﬁlvz - vll) =
16h

R 1 1

\/hz ~2} \/zv2 -z} \/zv2 -
k.’
0(z,~2,") 0z, - z,) exp\ - Ea—lv2 -vy

The overall factor 2(k;+k) allows us to use a single
parameter:

BV RV
26 2

E2

The polymer lengths vy and v (or v< and v5) are functions
of free end height z, of the chain and the height z; and zy;

2V . 4%

- -1 22
Uy = ——smn b
T

_2V .
and v, =>—-sin
v 7r v

Thus we define the following angle:

elz,2,) = sin"\(z/z,)

We can drop the & function since we are only interested
in correlation per unit area on the grafting surface. Thus
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we finally have
L(R5z,20) =
1

mfhdz i L
o Jm \/22 -2} \/zvz -2 \/zvz -

2k
8(z,-2,) exp\ - le(zz,zv) - olz,,2,)|

This is the result quoted in eq I11-2.

With & set to zero, i.e., considering only layering, we
obtain a simplified result after carrying out the integra-
tions:

Glu(O 2,2, =
—z<
( max{z1 ,z> —z> )
sin” \ / \ / =
W -2t h?-z2

h? - min{z,/, h?-2z
F(sm1‘\/——2—-{—22—}—,‘\/2 >2)]

h* -z, h*-2z,

0(z,~z,") X
2(v 1)

h 9(h 2,)) B(z52,) X

For simplicity we define the operation v as:
_— 0 fX<0
vVX={ vX if0osX=s1
1 ifX>1
Then we have the result as quoted in eq III-3:
Gl (032,,2,) = 16 h ﬂ(z2 2,) X

—\/ 2
—2<

[ ( z 1 2 )
sin™? \ /
-z > ~2g
sin!
-z > - 2'<
The function F(p,k) isthe elliptic integral of the first kind:?
Flek) = f(

Smg
V- x“‘)(1 RN

For the second part of the correlation function, we carry
out a similar derivation:

G%‘I,(rprg) = U'fd2fg [<¢r ,1(1'1)) <¢r0,u(r2)>] =

o f d% [ b, ng)( ), fe(Viz-z) X

V(2.0 [ Az (2 52) (§) S (Vi)

'y(a‘cz,xo,v(z2,zv2),0)] = afdzfco ()(h—zl’)f:,dzvl X
. 22
) ) b 12:2)s
(cr dz/,\dz/ 2mv, om0, "P\"2 7 o, fzzdz"zx
N
1d0) (du) ( a %2~ %) )
(odz ,\dz 20(22 o )27rv SP\"2 T,

Substituting the density distribution (dv/dz) and prob-
ability 1/0(de/d2) with the expressions listed above and
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doing the Fourier transform with x—y variables as before,

G}i(kvz Ra2y) =

1627 .7 h =
282k, + -2y X
o 5°(Ry ko) 0(h—2, )leldzﬂ \/2— 2 1 1 - Zl2
v V
Elzvl) h 2y 1
exp(— ot 2 dsz
2a fz \/h2 -2, ,\/zv22 %

R,
0(z)~2,5) exp(— —%G—Z)

The polymer lengths v; and v, are functions of free end
heights z,; and 2y of the chain and the heights z; and 2

2V . A
v, =*"sin" — and vz———sm
i

zvl 2'v2
We change to the new parameter k2, use angles ¢(2,2,)
defined before, and drop the & function. We have the
final result:

1%2

011\11(51’21;’52’22) =
16 h Zv 1
—f(h-2,") | dz, X
’ le Vh?- 2" \/zv12 -2
2;.32 h 2 1
exp(— —(21,2,1) )f dz,, X
i “ \[2 —25 Vg =2

2k
0(zy~2,,) €xp\ - 799(7-2,3\:2)

The result is what we quoted in eq I11-2.
With k = 0, we obtained the explicit result:

GI0.20.29) = Z6(h-2,) X
a1 S h? - minfz,’,h}*
s 7,2 C08 7 7
h* - 2 h*- 2

Using the operation v/ defined previously, we have the
result as quoted in eq III-3:

Gg(o;zl,zg) = laﬁ X

2__ 2 2_, 2
4 h* -2z, o h® -2z,
sin S €08 Pa—
h*-2z, h*-2z,
Correlations corresponding to lower-lower and upper—

upper blocks of the chains G}, GII, G%, and G, can be
derived similarly.

Appendix B: Derivation of the Transformation
Relation

In this appendix, we define the formulas required for
the calculation of matrix elements of G with respect to the
Legendre basis set. To avoid redundant derivation, we
onlyillustrate the process concerning the upper—lower part
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of the correlation; other parts can be derived similarly.
Weseth =1and V =1 (so that ¢ = 1).

From the discussion we give in the main text, we have

[z, ey UFy) (g () i o(22)8()] =

f;ﬁ)ldzl d22fz1> C g:)(g:) (dz) 8(z(Vy2,)-2,) X

0(z4—2(V},2,)) v(Z,%0(24,2,),0) X

Y(Zssk 0(25,2,),0(212,)) f(2,) 8(25)

We can easily prove the following relation, in which we
change the integration order and the integration limits,
but the volume in which the integration is carried out
remains the same:

folfoldz1 dzzfzidzv = j;ldzvj:”dzlj:"dzz

We thus have
(2. d _
I dey deylfz) (Y XD ¥ (r))8(2)] =

fe o e 8) (£)

0(2(Vy2,)-2y) 8(z9-2(V},2,)) 7(5c<,5co,v(z<,zv),0) X

Y(Es,% U(25,2,),0(2402,)) f(2,) &(2y) =
(- % )2)
1 Vi 1 a a X< %
fodéﬁ) dvlfvlduz————2 5 exp(—E——-—v< X

— 2 ex (—2————( l )
270, -0 P\"2 0, — 0,

V1- g sin —vl) X

g(\/l - £25in %vz)

In the above derivation we change variables from dz to dv
= (dv/dz) dz and replace z, by £ = V' h*-22 The 0
functions are absorbed into the integration limits.

Summing over contributions from all chains and doing
Fourier transforms of the x—y variables, we have:

J:)lfoldzl dzZ f(zl) G{u(kl’zl;kzvzz) g(zz) =
[dtey g [ dtz, d%a, et 1 (1az da, fz)) X
<\bro,l(r1) ¢r°,u(r2) )g(zz)]} =
a2k, Ry s f, do, f,dv, X
_EZIDrv1|f(\/1 £% sin —) (\/1 £ sin —)

Note that the overall factor 82(k;+k2) allows us to use a
single parameter as before (note that we set V = 1):
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) -

|'_.

B=

2
2
a 2a

| g

The result is what we listed in section IV after dropping
the & function, since we are only interested in correlation
per unit area on the grafting surface.

Similarly, we have the result for the second part of the
correlation function:

{1 dzy ey [f2,) Py 00 (Vi 2))8(20)] =

1 1 1d dv
o 28) o

d
e L0 (ziz)z(dz)x

B(ZZ—Z(VI,ZVZ)) 7(1_72,530/;”(22;2\;2) ,O)g(zz) =

Vi G, (xl - 5‘0)2)
d d e ( —— ) x
f Ef vl Xp 2 Ul

2 . Uy 1 1 a
(\/1 ~ £ sin T)fo d'r;fvldv2 ——21”)2 X

(Z,— %y
A1) o)

In the derivation we change variables from dz to dv =
(dv/dz) dz and replace zy; and zy by £ = V/ h?- zvlz, and

n ="\ h?-z,% The 0 functions are absorbed into the
integration limits.

Summing over contributions from all the chains and
carrying out the Fourier transforms of the x—y variables,
we have the final result:

folﬂ)ldzl dz, f(z)) Glllll(klizl;kz’%) 8(z9) =
Jatzg ([ " d%, d%, e it fol [(dz, dz, [fez,) X
(lpro,l(rl))("Pro.u(rZ) )g(zg)]} = 4#252(}_21+EZ) X

f dv, e‘EZ”lf(\/l £ sin ——)f dnf dv, X

— 7w,
e’kzvzg(\/l - p%sin -—2—2)

The result is what we use in section IV after dropping the
6 function. The formulas corresponding to upper—-upper
and lower—lower correlations can be derived similarly.

Appendix C: Calculation of the Lower Bound of
Eigenvalues of G

In this Appendix, we evaluate the “expectation value”
of the correlation function with the trial function we chose
in section V. We make the approximation that w is very
small and make use of the transform formulas listed in
section IV and Appendix B. After a change of integration
order and carrying out the first integration, we have the
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expectation value:

(4lGlp) =
@emn® 1 \/ 1-w \?
(=2 )+
. w? L-V.,dv?ﬂzdvl{ 1 (sin(102/2))
1-w

1-w 2 w2
[1 \/1 (sin(-n-vl/2)) J(l - w)
2[,\/1 - (.__l.;.w_.)z —
sin(mvy/2)
1-w \2|/ w
\/1 (sin(wv1/2)) J(l - w)}~
22 Vu 2 ~
@ f f A \/ (cos(wv2’/2))

@2 [ vy [ do, V1= (1= w1+ 7,8y =

@n’r1- w[[_‘;_ w2 - w)]3/2 )

3 w l 7 (1-w)?
4 w@-w) 2]3/2 4 1-w, .3 .0
______V = —
[7r2 1-o u 3 (&~ (¢

Under the condition V,, =~ 0, we assume w ~ 0 and neglect
higher order corrections in w and V,, where convenient. In
section V we have shown w ~ V2. This is consistent with
the w = 0 assumption. The parameter { is defined as:

_4_w(2—w)
\V 7 (1-w)?

The above result is what we used in eq V-1

_ Vuz)s/z]

3

The second part of the correlation function is given by:

(¢GMe) =
@m)? 1 [\/_(—_1:__7)_2 +
w+ w1~ w){f"vudv " Gineo
_ N 1-w \2 | w ] ~
[1 \/1 (sin(wu/2)) J(l—w) }1
(21r)2[ [ 4 \/ ( )2]2~
1-V, sin(wv/2)
@2m)* Vodry swe-w_ |

- w)2[ yAFVE+E (Yf) ]2

w

The result is what we used in eq V-IL

Appendix D: Relation between the Free Energy
and Response Function

Equation II-5 may be obtained equivalently by writing
the free energy F of the system in Landau form,
expanding for small values of the order parameter ¢(r):
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F= 2 f &, d'ry(o(r) K,y o(ry) -
3 (v 6(r) - [d°r wir) 9(x) + 016

The kernel K can be expressed in terms of its eigenvalues
7, and eigenfunctions ¢,(r). These eigenfunctions can be
taken to be orthonormal, since K is symmetric. An
arbitrary field ¢(r) can also be expressed as ¢(r) =
Y nfndn(r). Likewise, the arbitrary external field u(r) can
be expressed as u(r) = L,ma¢n(¥). In terms of the
eigenamplitudes f, and m,, the free energy takes the simple

form
1 A
F=_2-§ ,}nz(nn—g)—fnmn

Each eigenmode n is independent of the others. The
chemical-potential amplitude m, may be written m, =
fd3r u(r) dalr) = (uldn), since the ¢, are orthonormal. We
may now find the expectation value of the amplitude ¢,
by minimizing F: f, = mu/(gn — /24). From these
amplitudes, the induced ¢(r) be reconstituted:

(uld,)
(B(@) = Y (1)

. 1
(-32)
2

This is the exact form as eq 11-5, identifying e;, = 7, ~1/2A.
We conclude that (1) the eigenfunctions of F are the same
as those of the response function G and (2) the eigenvalues
nn of F are the inverse of those of Gy: 7, = 1/en.

A phase transition occurs when the uniform state with
¢(r) = 0 no longer gives the minimum F for u = 0. This
happens when any of the eigenvalues 7, — 1/2A becomes
negative. For then any small ¢(r) = §¢,(r) decreases as

= 1o(nn = 1/2A)82
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